Almost completely decomposable groups with a regulating regulator and a p-primary regulator quotient are studied. It is shown that there are indecomposable such groups of arbitrarily large rank provided that the critical typeset contains some basic configuration and the exponent of the regulator quotient is sufficiently large.
Introduction
A torsion-free abelian group G of finite rank is completely decomposable if G is isomorphic to a finite direct sum of subgroups of Q, the additive group of rational numbers, and almost completely decomposable if G has a completely decomposable subgroup C with G/C a finite group. Almost completely decomposable groups are a notoriously complicated class of torsion-free abelian groups of finite rank, [9, 1, 10] , the source of many pathological examples, [8] , and have been generalized to infinite rank, [12] .
A type is an isomorphism class [X] of a subgroup X of Q. The set of all types is a partially ordered set (poset), where [ Let G be an almost completely decomposable group with a completely decomposable subgroup R such that G/R is finite. The critical typeset of G is T cr (G) = {[X]: X rank-1 summand of R} = T cr (R). The typeset Tst(G) of G is {[X]: X pure rank-1 subgroup of G}. The typeset of G is the meet closure of the critical typeset of G and is finite.
A subgroup R of an almost completely decomposable group G is a regulating subgroup of G if and only if R is completely decomposable (c.d.) and |G/R| is the least integer in the set {|G/C|: C is c.d. with G/C finite}, [9] .
The regulator R(G) is the intersection of all regulating subgroups of G. It is well known that the regulator is again completely decomposable, has finite index in G and is fully invariant.
Given a finite partially ordered set S of types and an integer m 1, an S-group with p m -regulator quotient is an almost completely decomposable group G with critical typeset T cr (G) ⊆ S and p m G ⊆ R(G), the regulator subgroup of G, e.g. see [14, 15, 11, 13, 6, 10] . Let w(S) denote the width of S, the length of a maximal antichain contained in S. [2] and answers some open questions in [1] . The converse of Theorem 1 for the case that S is an inverted forest is addressed in [3] .
Preliminaries
A chain is a finite linearly ordered poset designated by n, the number of elements in the poset. [5] . A regulating subgroup need not be unique. The direct sum of the subgroups G τ for τ ∈ T cr (G) is a regulating subgroup of G and conversely, if R is a regulating subgroup of G and R = τ ∈T cr (A) R τ is a decomposition of R with τ -homogeneous completely decomposable summands R τ , [9] .
It can happen that an almost completely decomposable group contains exactly one regulating subgroup that then coincides with the regulator. In this case the regulator is regulating and we have a regulating regulator. The following lemma was first proved in [ 
is the regulating regulator of G and 
Lemma 3. (See [1, Lemma 5.4.1].) Assume that S is a finite p-locally free poset of types and that G and H are S-groups with p m -regulator quotients. (1) G and H are nearly isomorphic if and only if G and H are isomorphic at p. (2) G is an indecomposable group if and only if G is isomorphic at p to an indecomposable group.

Groups and anti-representations
Let p be a prime and (S, ) a finite p-locally free inverted forest of types. Define cdrep(S, Z p m ) to be the collection of objects U = (U 0 , U s , U * : s ∈ S) such that for each s ∈ S, there is a finitely generated free Z p m -module V s with U 0 = s∈S V s , U s = s t∈S V t , U t ⊆ U s whenever s t (note the reversal of the order), and U * a submodule of U 0 with U s ∩ U * = 0 for each s ∈ S. Notice that U * is finitely generated but need not be a free Z p m -module. An object U of cdrep(S, Z p m ) is called an anti-representation in [10] . We follow up with an illustration of some notation and constructions in the proof of Lemma 4(1). It shows that, given a poset S of p-locally free types and a representing matrix M, it is easy to construct an almost completely decomposable group G whose critical typeset is S and whose anti-representation has the representing matrix M. By Lemma 4(1) the group G is unique up to isomorphism at p.
R(G) → R(H)/p m R(H) withf (G(s)/p m G(s)) = H(s)/p m H(s)
For the purposes of this paper a rational group is a subgroup Q of Q such that 1 ∈ Q but 1/p / ∈ Q . If so, then {1} is a p-basis of Q . More generally, if R = i∈I R i is a direct sum of rational groups, then R has the natural p-basis { (1, 0, . . .) , . . . , (. . . , 0, 1)}.
Example 5. Let S = {1, 2 < 3} be a poset of p-locally free types and let U = (U 0 , U i , U * : i ∈ S) with the representing matrix (coefficients in Z p 6 
where A is an n × n integer matrix.
The rows of M are the generators of U * and an arbitrary element of U * is given by
where u, v, w ∈ Z n p 6 . From this it is easily seen that U i ∩ U * = 0, showing that U ∈ cdrep(S, Z p 6 ). It is also obvious that the rows of M are independent, the generators of the first block have orders p 6 , the generators of the second block have orders p 4 , and the generators of the third block have orders p 2 .
Hence
Then G is an almost completely decomposable group with completely decomposable subgroup R and
given by
Clearly U and U G are isomorphic anti-representations. In particular, U i ∩ U * = 0 for every i, showing that R is the regulating regulator of G.
Unbounded representation type
An S-group G with p m -regulator quotient and T cr (G) = S will be proven indecomposable, via Lemma 4(2), by showing that End(U G ) has only 0 and 1 as idempotents.
Let U = (U 0 , U * , U s : s ∈ S) where U 0 = s∈S V s , and U s = s t∈S V t for each s and let f ∈ End(U ).
For convenience we assume that S is represented by {1, . . . ,k} as will be the case in all our applications.
Let π i : U 0 → V i and ι i : V i → U 0 be the projections and insertions corresponding to the decom-
The action of f on x = (x 1 , . . . , x k ) ∈ U 0 is by matrix multiplication:
Since f (U i ) ⊆ U i the poset structure < S of S = {1, . . . ,k} requires that h ij = 0 unless i < S j.
We adopt the following notation: 
, and In the proof of Proposition 6, S = {1 | 2 | 3}, m = 2 and
where A is an n × n Z p 2 -matrix with K A indecomposable. It is left to show that G is indecomposable. We have the decomposition 
Therefore, using (11),
We use that for any g 1 , g 2 ∈ E := End Z n p 6 it follows from p 5 g 1 = p 5 g 2 thatḡ 1 =ḡ 2 ∈Ē = E/pE.
Setting a :=ū 1 ∈Ē, it follows from (4), (5), (6), (12), (13), (14) , and (15) that:
